Abstract. In this paper we present an alternative approach to a problem dealt with by Rosales et al. In particular, once a base b for the representation of the integers is fixed, we describe a procedure for constructing the smallest multiplicative subsemigroup of the positive integers closed with respect to the number of digits which contains a set of positive integers.
Introduction
In this paper we focus on certain subsemigroups of the multiplicative semigroup (N * , ·) of the positive integers. Let b be a positive integer not smaller than 2. We say that a subsemigroup G ⊆ (N * , ·) is a b-dc-semigroup if G is closed with respect to the number of digits. This latter is equivalent to saying that if x ∈ G and (x n−1 x n−2 . . . x 0 ) b is its base-b representation with x n−1 = 0, then G contains all the integers (y n−1 y n−2 . . . y 0 ) b with y n−1 = 0. Example 1.1. Let b = 2 and G a 2-dc-semigroup. If 101 2 ∈ G, then {100 2 , 101 2 , 110 2 , 111 2 } ⊆ G. Now we introduce some notations, we will use repeatedly along the paper. Definition 1.2. If y and z are two non-negative integers such that y < z, then
If b is an integer not smaller than 2, i ∈ N and j ∈ N * , then
The strings (x n−1 x n−2 . . . x 0 ) b with x n−1 = 0, namely the base-b strings of length n, describe all positive integers in [
for some index set J ⊆ N. After a preliminary section, where some technical results are proved, in Section 3 we describe a procedure for constructing the smallest b-dc-semigroup of (N * , ·)
which contains a set of positive integers. This latter problem was raised and solved in [1] , for b = 10, relying upon a class of numerical semigroups [2] , called the LDsemigroups. In the present paper we would like to present an alternative approach to [1] , removing also the restriction to the base we choose to represent the integers.
Preliminaries
We prove a preliminary result for b-dc-semigroups, where b > 2. The analogue result for 2-dc-semigroups will be stated immediately afterwards.
(
is an abelian semigroup. (2) If {i, j} ⊆ N, {k, l} ⊆ N * and
Proof.
(1) The claim holds since (N, +) × (N * , +) is a direct product of abelian semigroups and multiplying I b (i, k) by I b (j, l) amounts to adding componentwise the two non-negative integers upon which they depend. (2) We notice that, for anyk
and consequently
Now we prove that also b i+j+k+l−1 ∈ G. By so doing, we can conclude that
We notice that if b is odd or b is even and i + k ≥ 2, then
In a similar way, if b is odd or b is even and j + l ≥ 2, then
Suppose that one of the following holds:
• b is odd; • b is even, i + k ≥ 2 and j + l ≥ 2. Then, c ik · c jl ∈ G. Moreover, by the AM-GM inequality, we have that
Since G is closed with respect to the number of digits, we conclude that
To end with, we consider the remaining cases.
• b is even, i + k = 1 and j + l ≥ 2. We notice that i + k = 1 if and only if i = 0 and k = 1. Since b = 2 we have that b ≥ 4, √ b ≥ 2 and
Since
Since b i+j+k+l−1 = b, we get the result.
Now we notice that I 2 (i 2 , k 2 ) · I 2 (i 3 , k 3 ) = I 2 (i, j) for some i ∈ N and j ∈ N * . Therefore,
In a similar way we can prove that the associativity of · holds if i 2 = 0 and k 2 = 1 or i 3 = 0 and k 3 = 1. Now we notice that, if a ∈ N and b ∈ N * , then
Hence, the operation · is commutative if i = 0 and k = 1 or j = 0 and l = 1. In the remaining cases, both the associativity and the commutativity of the operation · follow in analogy with Lemma 2.1(1).
(2) If i = 0 and k = 1 or j = 0 and l = 1 we get trivially the result.
In the remaining cases, i + k ≥ 2 and j + l ≥ 2. Therefore, we can prove that I 2 (i + j, k + l) ⊆ G as in the proof of Lemma 2.1(2), replacing each occurrence of b with 2.
Finally, we prove a technical lemma.
Proof. We prove separately the claims.
(1) Let x ∈ I b (dj, +∞) and y = ⌊log b (x)⌋. Suppose that y = jq + r 0 ≤ r < j for some integers r and q.
Since y ≥ dj, we have that q ≥ d. All considered,
In fact,
(2) Since d = 0, we have that j = 0 and 1
The claim holds since I b (0, 1) ⊆ G and, if x ∈ N * \{1} and y = ⌊log b (x)⌋, then
The smallest b-dc-semigroup containing a set of positive integers
In this section we would like to address and generalize, through an alternative approach, the question raised in [1] , namely the problem of finding the smallest b-dc-semigroup containing a set of positive integers.
Consider a set X ⊆ N * , a base b and the set
The semigroup
We analyse the possible cases more in detail, based upon the value of j 0 , where j 0 := min{j : j ∈ J}.
• Case 1: If we define t := dj 0 , then we can write
for some non-negative integer n and some positive integers j k and l k indexed on K = [0, n + 1[ N such that
for any k ∈ K\{n}. All considered, G is the union of I b (t, +∞) with all possible products i=1...e j k 1 ≤···≤j ke
for any integer e such that 1 ≤ e < d. Indeed, for any e ≥ d the products we obtain are contained in I b (t, +∞).
• Case 2: j 0 = 0 and b = 2. If X = {1}, then G = {1}. On the contrary, we define J * := J\{0} and apply case 1 setting J := J * . The union of {1} with the semigroup we find applying the procedure described in case 1 is the smallest 2-dcsemigroup containing X.
• Case 3: j 0 = 0 and b > 2. In this case G = N * , according to Lemma 2.3(3).
Example 3.1. In [1, Example 20 ] the authors dealt with the construction of the smallest 10-semigroup G containing X = {1235, 54321}. We deal with the same problem proceeding as explained above.
First, we notice that J = {3, 4}. Adopting the notations of case 1, we have that j 0 = 3 and l 0 = 2. Consequently, d = 2.
All considered, I 10 (6, +∞) ⊆ G and G = I 10 (3, 5) ∪ I 10 (6, +∞).
Remark 3.2. We notice that if b is an integer not smaller than 2 and X is a set formed by some positive integers, whose base-b representations have length 4 and 5 respectively, then the smallest b-dc-semigroup G containing X is I b (3, 5)∪I b (6, +∞). Indeed, it suffices to replace all the occurrences of 10 with b in Example 3.1 in order to get the result.
